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r*j ' Abstract 
Oh- 

i , One of long-standing problems in mathematical studies of superconductivity is to 

i-O ■ show that the solution to the BCS gap equation is continuous in the temperature. In 

this paper we address this problem. We regard the BCS gap equation as a nonlinear 
integral equation on a Banach space consisting of continuous functions of both T and 
x. Here, T(> 0) stands for the temperature and x the kinetic energy of an electron 
minus the chemical potential. We show that the unique solution to the BCS gap 
equation obtained in our recent paper is continuous with respect to both T and x 
when T is small enough. The proof is carried out based on the Banach fixed-point 
(T) \ theorem. 
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1 Introduction and preliminaries 



We use the unit ks = 1, where ks stands for the Boltzmann constant. Let wn > and 
k € R 3 stand for the Debye frequency and the wave vector of an electron, respectively. 
We denote Planck's constant by h > and set h = h/(2ir). Let m > and \i > stand 
for the electron mass and the chemical potential, respectively. We denote by T(> 0) the 
temperature, and by x the kinetic energy of an electron minus the chemical potential, i.e., 
x = h 2 \k\ 2 /(2m) — ii G [—fi, oo). Note that < Hlj d « jj,. 

In the BCS model (see [HE]) of superconductivity, the solution to the BCS gap equation 
(jl.ip below is called the gap function. We regard the gap function as a function of both 
T and x, and denote it by u, i.e., u : (T, x) ^ u(T, x) (> 0). The BCS gap equation is 
the following nonlinear integral equation: 



J, jP+u(T,i? 2T 

where U(x, £) > is the potential multiplied by the density of states per unit energy at 
the Fermi surface and is a function of x and £. In (jl.ip we introduce e > 0, which is 
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small enough and fixed (0 < e « hup). Note that tanh — — — is regarded as 

1 when T = 0. It is known that the BCS gap equation (|1,1|) is based on a superconducting 
state called the BCS state. In this connection, see [8j (6.1)] for a new gap equation based 
on a superconducting state having a lower energy than the BCS state. 

The integral with respect to £ in (jl.ip is sometimes replaced by the integral over M 3 with 
respect to the wave vector k. Odeh [6], and Billard and Fano [2] established the existence 
and uniqueness of the positive solution to the BCS gap equation in the case T = 0. 
In the case T > 0, Vansevenant [7] determined the transition temperature (the critical 
temperature) and showed that there is a unique positive solution to the BCS gap equation. 
Recently, Hainzl, Hamza, Seiringer and Solovej [1] proved that the existence of a positive 
solution to the BCS gap equation is equivalent to the existence of a negative eigenvalue 
of a certain linear operator to show the existence of a transition temperature. Hainzl and 
Seiringer [5] also derived upper and lower bounds on the transition temperature and the 
energy gap for the BCS gap equation. However, the solution mentioned above belongs to 
a function space consisting of functions of the wave vector only, and the temperature is 
regarded as a parameter. So the temperature dependence of the solution is not discussed; 
for example, it is not shown that the solution is continuous for T > 0. To show that the 
solution is continuous for T > is one of long-standing problems in mathematical studies 
of superconductivity. 

Let 

(1.2) U(x, £) = Ux at all (x, f) G [e, huj D } 2 , 

where U\ > is a constant. Then the gap function depends on the temperature T only. 
We therefore denote the gap function by Ai in this case, i.e., Ai : T i-> Ai(T). Then 
(11. ip leads to the simplified gap equation 



We now define the temperature t\ > 0, which is the transition temperature originating 
from the simplified gap equation (II. 31) . 

Definition 1.1 (PQ). The transition temperature is the temperature t\ > satisfying 

l = Ui — tanh — d£. 

Je £ 2n 

Remark 1.2. There is another definition of the transition temperature, which originates 
from the BCS gap equation (jl.ip . See [101 Definition 2.4]. 

The BCS model makes the assumption that there is a unique solution Ai : T i— > 
Ai(T) to the simplified gap equation (jl.3p and that it is of class C 2 with respect to 
the temperature T (see e.g. |T] and [121 (11.45), p. 392]). The author [S] has given a 
mathematical proof of this assumption on the basis of the implicit function theorem. Set 



;i.4) a 



(Hojd — ee 1 / 171 ) (Hojd — ee 
sinh ^ 
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Proposition 1.3 ([9j Proposition 2.2]). Let A be as in (|1.4p . Then there is a unique 
nonnegative solution A\ : [0, n] — > [0, oo) to the simplified gap equation (|1.3j) snc/i £/ia£ 
i/ie solution Ai is continuous and strictly decreasing on the closed interval [0, t\ ] : 

Ai(0) = A > Ai(Ti) > Ai(T 2 ) > Ai(n) = 0, < Ti < T 2 < n. 

Moreover, it is of class C 2 on the interval [ 0, t\ ) and satisfies 

A\ (0) = A'/(0) = and lim A', (T) = -oo. 

Remark 1.4. We set Ai(T) = for T > r x . 

Let < U\ < U 2 , where U 2 > is a constant. We assume the following: 

(1.5) Ui < U(x, < U 2 at all (x, G [e, Hlu d ] 2 , U(-, •) G C([e, T^d] 2 ). 

When U(x, £) = C/ 2 at all (x, £) G [e, frioo] 2 , an argument similar to that in Proposition 
ll.3l gives that there is a unique nonnegative solution A 2 : [0, r 2 ] — > [0, 00) to the simplified 
gap equation 

(1.6) 1 = f/ 2 / - tanh V? di, < T < r 2 . 
1 j A VC 2 + A 2 (T)2 2T " " 



Here, r 2 > is defined by 



1 = U 2 I — tanh — d£. 

? 2r 2 



We again set A 2 (T) = for T > r 2 . 

Lemma 1.5 ([10, Lemma 1.6]). (a) The inequality T\ < r 2 holds. 

(b) If < T < t 2 , then Ai(T) < A 2 (T). If T > r 2j £/ten Ai(T) = A 2 (T) = 0. 

Let < T < r 2 and fix T. The author considered the Banach space C([e, ^w_d]) 
consisting of continuous functions of x only, and dealt with the following subset Vt' 

(1.7) V T = {u(T, •) G C([ £ , ^ D ]) : Ai(T) < n(T, x) < A 2 (T) at x G [e, foj D ]} • 

Remark 1.6. We denote each element of Vt by n(T, •) since each element of Vt depends 
on T and we are interested in the temperature dependence of the solution to the BCS gap 
equation. 

On the basis of Proposition 11.31 and the Schauder fixed-point theorem, the author 
showed the following. 

Theorem 1.7 ([10, Theorem 2.2]). Let T G [0, r 2 ] be fixed. Then there is a unique 
nonnegative solution uq(T, •) G Vr to the BCS gap equation (II. ip .- 



n (T, x) = / —===== tanh — d£, x G [e, hw D \. 

h \J i 2 +u (T, £y 2,1 

Consequently, the gap function uq(T, •) is continuous with respect to x. Moreover, Uq(T, 
satisfies 

Ai(T) < n (T, x) < A 2 (T) at (T, x) G [0, r 2 ] x [e, Huj d }- 
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Remark 1.8. In |10t Theorem 2.2] the author assumed the following: 

Ui < U(x, < U 2 at all (x, f) G [e, fio; D ] 2 , [/(•, •) G C 2 ([e, ?^d] 2 ). 
But Theorem 11.71 holds true under (jl.5p . 

Remark 1.9. We regard the gap function of Theorem 11.71 as a function of both T and x, 
and denote it by no, i.e., no : (T, x) (-)• no(T, x). 

Studying smoothness of the thermodynamical potential with respsect to T, the author 
|10| Theorem 2.10] showed, under an assumption, that the phase transition to a supercon- 
ducting state is a second-order phase transition without the restriction (|1.2p imposed in 
our recent paper [S]. Moreover, the author obtained the explicit form for the gap in the 
specific heat at constant volume. 

But it has not been shown that the solution no to the BCS gap equation (jl.ip is 
continuous in T. In this paper we regard the BCS gap equation (jl.ip as a nonlinear 
integral equation on a Banach space consisting of continuous functions of both T and x. 
On the basis of the Banach fixed-point theorem, we show that the solution no is continuous 
with respect to both T and x when T is small enough. 

The paper proceeds as follows. In section 2 we state our main results without proof. 
In section 3 we prove our main results. 



2 Main results 

Let Uq > be a constant satisfying U$ < U\ < U 2 - An argument similar to that in 
Proposition 11.31 gives that there is a unique nonnegative solution Ao : [0, to] — > [0, oo) to 
the simplified gap equation 

l = U = tanh V g 01 ; d£, < T < r . 



Here, ro > is defined by 



1 - in I - tanh^-dC. 



We set Ao(T) = for T > tq. A straightforward calculation gives the following. 

Lemma 2.1. (a) tq < t\ < t 2 . 

(b) If < T < tq, then < A (T) < Ai(T) < A 2 (T). 

(c) // r < T < t 1} then = A (T) < Ai(T) < A 2 (T). 

(d) // n < T < t 2 , then = A (T) = Ai(T) < A 2 (T). 

(e) // t 2 < T, then = A (T) = Ai(T) = A 2 (T). 

Remark 2.2. Let the functions A^ (A; = 0, 1, 2) be as above. For each A^, there is the 
inverse A" 1 : [0, A fc (0)] [0, T k ). Here, 

J(hM D -eeV u *) (hwD-ee- 1 /^) 

A fc (0) = — 

smh T4 

and A (0) < Ai(0) < A 2 (0). See [9] for more details. 
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For (0 <) T\ < to, set T* = sup A 2 (Aq(T)) > 0. Let T* be so small as to satisfy 

TG[0,Ti] 

A o (0) ^ A (0) ^ 1 ^ , 4^ 



2.1 -^r^tanh— 1 + 



4T * — 4T * ' 2 ^ ' A (0) 2 

Dince T < A 2 1 (A (T)), Ti > is also small enough and satisfies (12. If) with T-j* replaced 
by Ti. We now consider the Banach space C([0, Ti] x [e, Hljd]) consisting of continuous 
functions of both T and x, and deal with the following subset V of the Banach space 
C([0, Ti] x [e, fiwfl]): 



(2.2) y = {u G C([0, T x ] x [e, : A X (T) < u(T, a?) < A 2 (T) 

at (T, x) G [0, Ti] x [e, fc D ]}. 

Theorem 2.3. Assume (II. 5ft . Let uo ^ e as * n Theorem and V as in (12 .2j) . T/ien 
no G V. Consequently, the gap function uq is continuous on [0, Ti] x [e, fiwr)]. 

3 Proof of Theorem [231 

Let £ G [e, &jo] and X G (Ao(0)/2, oo) be fixed. Then we can regard the following 
function g given by 



v2 y ^ / C2 i Y2 

(3.1) g(T;Z,X) = — U^anh y + — -g- , F- V ^ ! 



(^2 + X 2)3/2 ^ ^ C0sh 2 y J ' 2T 

as a function of T (> 0) only. Note that g(T; £, X) > 0. 
Remark 3.1. When T = 0, o(T; £, -X) 

is regarded as . , i.e., 

^2 + X 2)3/2 

5(0; £, X) " 



(^2 +X 2)3/2 • 

Let T 2 > be so small as to satisfy 



(3 .2, v2±2i tanh vgjg > I fi + JLV 

Lemma 3.2. Let T 2 be as in (13. 2h . T/ien is continuous and strictly increasing on 
[0,T 2 ]. 

Proof. At T G (0, T 2 ), 

<% 2Y 2 

af (r; «• x) = (iiTW^ {M rta ° hK " (e + x )] > a 



□ 
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Define a mapping A by 

A straightforward calculation gives the following. 
Lemma 3.3. Let V be as in (|2.2p . T/ien V is closed. 
Lemma 3.4. Au G C([0, Ti] x [e, /or u G V. 

Lemma 3.5. Let u G V. T/ien Ai(T) < y4ti(T, sc) < A 2 (T) a* (T, x) G [0, 21] x 
[e, hw D }. 

Proof. We show ^4u(T, x) < A2(T). Since 



it follows from (11.61) that 



'"A V '£2 + A 2 (T)2 2T 

The rest can be shown similarly by fll,3|) . □ 

Combining Lemma 13.51 with Lemma 13.41 immediately yields the following. 

Lemma 3.6. Lei Then Au G V. 

We now show that the mapping A : V — > V is contractive. We denote by ||-|| the 
norm of the Banach space C([0, Ti] x [e, Hljd]). 

Lemma 3.7. There is a constant k (0 < k < 1) satisfying 

\\Au — Av\\ < k \\u — v\\ for all u, v G V. 
Proof. Let u, v G V. Then 



/hw D 



u(T,0 tanh Ve + n(T,^ 



y/? + v(T, 2 " 2T 



^ £2 _|_ ^7j^ £p /£2 _|_ ^7j^ £\2 

Note that each of tanh — — — - and tanh — — — - is regarded as 1 when 

2T 2T 6 

T = 0. The integrand above becomes 

g(T; f, c(T, £, u, v))\u(T, £)-v(T, 01, 
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where g is that in (|3.ip . Here, c(T, £, u, v) depends on T, £, u and v, and satisfies 
u(T, < c(T, e, u, «) < u(r, or v(T, £) < c(T, £, u, u) < u(T, £)■ 

As mentioned above, Ti as well as Tj" satisifies (|2.1|) . and hence satisfies (|3.2j) with T 2 
replaced by Ti or T*. Therefore, by Lemma [ 



g (T; c(T, £, u, «)) < 5 (T*; £, c(T, £, u, «)) , 

where T* = A^ 1 (A (T)). Note that ^ — < tanhZ (Z > 0). Since the function 

cosh Z 

Z i — ^ — — — is strictly decreasing on (0, oo), it follows that 



1 JP + Ai(T) 2 

g (T*; C, c(T, e, «, v)) < rT ^= = tanh- V 



Set 



k = sup / — ■ tanh — — at. 

Te[o,Ti] A Ve 2 + Ax(T)2 2 r* 

Then ||Au - Av\\ <k\\u- v\\. Combining T* = A^ 1 (A (T)) with flU)) yields 

< sup / — 2 tanh ^ m °^ - d£ 

Teio.rje Ve 2 + A (T)2 2T* 

/"^ ^2 , V^ 2 + A 2 (T*) 2 

= sup / — , tanh — — at 

Te[o Tl ]Je ^e 2 + A 2 (T*)2 2T* 

= 1. 



□ 



By the Banach fixed-point theorem (see e.g. Zeidler |114 pp. 18-22]), there is a unique 
u\ € V satisfying Au\ = u\. Let us fix T € [0, T%]. Then, for each u & V, it follows that 
u(T, •) 6 Vr- Here, Vr is that in (II. 7h . Theorem II . 71 thus imples ui = no- This completes 
the proof of Theorem 12.31 
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